This paper deals with waves propagating in a one-dimensional flow moving through a randomly layered medium. The flow velocity is assumed to be greater than the group velocity of the waves in the reference system of the flow. As a result, in the laboratory reference system, all the waves propagate in a single direction. Amplitudes of these waves moving through a randomly inhomogeneous medium are growing exponentially. This effect is analogous to the wave localization phenomenon in a randomly inhomogeneous passive medium. The only difference is that the wave propagation in a passive medium is described by the boundary value problem, while all the oscillations in a medium with flow propagate in a single direction and hence the corresponding problem is formulated in the form of the initial value Cauchy problem. In the former case exponentially decreasing solutions are realized in the direction of the wave incidence, while in the latter case (as in the case of parametric resonances) the exponentially increasing solutions are realized.
Introduction
Waves propagating in media with flows and beams have long been studied and used in science and engineering. It is well known that a medium with a flow is potentially active, as it possesses a resource of kinetic energy of the flow motion. Such an activity gives rise, for example, to the beam instability in plasma [1, 2] . In papers [3] [4] [5] and books [6, 7] the drift instability of the waves in a flow of charged particles moving through a periodically layered medium has been discussed. The instability of waves in this case is described in much the same way as the parametric resonance of an oscillator with periodically varying eigenfrequency. Hence, the waves in the flow moving through a periodically inhomogeneous medium are amplified under certain resonance relationships among the parameters involved.
In [8] it was predicted for the first time that the waves propagating via a potentially active randomly layered medium are amplified over a wide range without imposing any resonance conditions. It was also noted that from the mathematical point of view this effect represents the analogue of Anderson's localization, where exponentially increasing rather than exponentially decaying solutions are realized. As an example, the instability of waves in a flow of charged particles moving through a randomly layered dielectric medium was considered [8] .
However, the predicted effects have not gained sufficiently clear and rigorous justification, either from the mathematical or the physical point of view. Indeed, the second-order equation describing the wave propagation in a one-dimensionally inhomogeneous medium always has two solutions: an exponentially increasing one and an exponentially decaying one. Why are the exponentially decaying solutions selected in the case of a passive medium or in the problem on a quantum-mechanical particle in an outer potential [9] [10] [11] , while exponentially increasing solutions are selected in the case of wave propagation through an active medium [8] as well as in the problem on the parametric action on an oscillator [12] ? (It does not seem reasonable to apply the Briggs criterion, as proposed in [8] , in the situation considered.)
As will be seen, the answer to this question has to do with the following. In a usual passive medium, there exist two waves (direct and backward) propagating in opposite directions. They determine the coordination of information between system's boundaries. Due to this, the problem of wave incidence on a passive medium is formulated as the boundary value problem.
The relevant boundary conditions exclude the solutions increasing in the incidence direction. And vice versa, by reason of oscillation drift, both of the eigen waves in the flow propagate in one direction. Thus, the information is transmitted in the direction of the flow motion only; the causality principle is valid. Hence the problem is formulated as the initial value Cauchy problem. Clearly, the exponentially increasing solution is realized in the Cauchy problem with general initial conditions.
Wave localization in a passive medium
Let the wave be incident normally from left to right onto a sample of a passive layered medium (figure 1). Then two (direct and backward or reflected) waves exist within each of the layers, including the half-space at the left, from which the wave is incident. The sole exception is the half-space to the right of the sample, which is free from the reflected wave, since we deal with the medium without sources. Denote the complex amplitude of the wave propagating from left to right in the j th layer by A j and the amplitude of the backward wave in this layer by B j . The index j = 0 corresponds to the half-space at the left, whereas the index j = N + 1 stands for the half-space to the right of the sample. Then
is the amplitude of the wave incident onto the sample,
is the amplitude of the reflected wave, and
is the amplitude of the wave transmitted through the sample. To complete the statement of the problem, we should specify the amplitude (1) of the wave incident from the left and state the above-mentioned radiation condition: Let the wave propagation process be described by the wave equation
Here f is the value characterizing the scalar wave field, c is the wave velocity in some standard medium, and n is the refractive index with respect to this medium (it is different in different layers). The function n(x) appears as in figure 2 and, generally speaking, depends on the wave frequency ω : n(x, ω). Since the problem in hand is linear and stationary, the Fourier component of the solution can be represented as
The functionf (x) satisfies the oscillator equatioñ
where primes denote the derivative with respect to a dimensionless variable ζ = xω/c. The general solution to equation (7) in a homogeneous medium has the form
Substituting (8) into (6), we notice that the first term in (8) describes the wave propagating from left to right, while the second term corresponds to the wave propagating in the opposite direction. Note also that equation (7) has an exact first integral constituting the law of conservation of a total energy flux:
Here the asterisk stands for a complex conjugation. By substituting (8) into (9) we obtain
Equation (7) along with the boundary conditions (1), (4) and equation (8) represent the analysed problem. It cannot be solved as the initial value (evolutionary) Cauchy problem when moving along the x-axis in the incidence direction, because the 'initial' amplitude B 0 of the reflected wave is unknown (the amplitude B 0 is strictly consistent with the amplitude A 0 = A inc and cannot be considered as an arbitrary one). However, we can analyse this problem as the initial value one when moving along the x-axis in the opposite direction (see figure 1) . Indeed, the amplitude B N +1 = 0 at the right is given. Although the amplitude A N +1 is unknown, no general restrictions are imposed on its value. Since the problem is linear, A N +1 thus far can be assumed to have an arbitrary given value. We can say that the form of the solution to the linear problem is governed by the direction of the 'initial condition vector' (A, B) , that is, in fact, by the ratio B/A. This ratio is specified on the right-hand boundary only (B N +1 /A N +1 = 0), whereas on the left-hand boundary its value is unknown. Therefore, we should solve the problem beginning with the right-hand boundary of the system.
The solution of the initial problem with equation (7) for a randomly layered medium has been discussed, for example, in [8, 12] . Using the representation (8) in each layer and the join conditions on the interfaces between layers, we will pass through all the layers and get the values A 0 and B 0 as linear expressions with respect to A N +1 :
There c 1 and c 2 are certain obtained coefficients. Solving equations (11) with respect to the unknown amplitudes, we obtain (see (1)- (3))
This is the solution to the original boundary value problem. The amplitudes of the transmitted and reflected waves are proportional to the incident wave amplitude. Also, they are solely determined by the coefficients c 1 and c 2 derived during the solution of the inverse initial value problem.
Some information can be gleaned at once from the formulae (11) and (12) . It can be seen that if the solutions to the evolutionary Cauchy problem are exponentially increasing (|c 1 | ∼ |c 2 | ∼ exp(λζ )), the transmission coefficient in the boundary value problem under consideration is exponentially small:
while the reflection coefficient is of the order of unity:
The energy flux conservation law (10) in terms of transmission and reflection coefficients (13), (14) takes the form
if the refractive indices of the medium to the left and to the right of the sample are assumed equal. Formula (14) can be refined by the application of (15) and (13); whence it follows that the reflection coefficient is equal to unity within the exponential accuracy:
As is shown in [8, 12] , the solutions of the initial value problem with equation (7) for a randomly layered medium increase approximately exponentially with respect to the independent variable. To be more specific, if the wave phases at the layer boundaries can be thought of as random values (strong disorder approximation), and the values off andf are continuous when a wave intersects the boundary between two layers, the phased-averaged logarithm of the amplitude absolute value is equal to
Here n 1 and n 2 are the refractive indices of the two types of layers, while |A| stands for the ratio of the absolute value of the solution to its initial value. By applying equation (17) to the inverse initial value problem solution (11), we have
The substitution of (18) into (12)-(16) yields:
Hence we have obtained the familiar result about the exponential decay (localization) of the wave transmitted into a randomly layered medium and the reflection of the incident wave (compare with the result in [10, 11] ).
Wave instability in a flow
Now we turn to the eigen waves in a flow moving with a constant velocity v 0 > 0 through a randomly layered medium. Let the x-axis be directed along the flow motion, and the absolute value of the group velocity of the waves involved be equal to v g in the reference system associated with the flow. We will study the waves for which the following inequality holds:
(We take here maximum value because v g may be different in different layers.) In the reference system associated with the flow, the x components of the group velocity vectors fall into the range [−v g0 , v g0 ]. Then, in the laboratory reference system these components fall within the range
Owing to (20), the value of the x-component of the group velocity vector is always positive. Consider a one-dimensional problem on wave propagation in a flow moving through a layered medium by analogy with the previous section ( figure 3) .
The system is free from the waves moving from right to left; and therein lies a fundamental difference between this system and the usual case of a passive medium. By virtue of the drift produced by the flow, the 'direct' wave propagates towards the right with the velocity v 0 + v g , whereas the 'backward' wave propagates more slowly, with the velocity v 0 − v g , in the same direction. According to that, the former wave is said to be a fast wave (the amplitudes A j in figure 3 ), while the latter one is referred to as a slow wave (amplitudes B j ). It should be noted, however, that real backward waves are absent in this system. This fact plays an important role, for example, in the theory of beam instabilities in plasma.
Since the system of interest is free from the waves propagating from right to left, we cannot formulate the radiation condition like equation (4) from the previous problem; it is fulfilled automatically. Hence we should only set the initial values for the amplitudes of the waves incident from the left:
It is easily shown that the equation describing the wave propagation in the medium under consideration can always be given in the following form:
where the value off is related to the Fourier component of the physical wave field f by the equation
Here n = n(x, ω) and k 0 = k 0 (x, ω) are certain functions; their dependencies on x for a random layered medium qualitatively correspond to figure 2. The solutions to equation (23) in the uniform regions of the medium (in each layer) can be written in the form of (8):
Indeed, the general formula for dispersion of a homogeneous medium involving two propagating linear waves has the form
These values can be also written as
When this result is compared with that of equations (24) and (25), the validity of equations (23)- (25) becomes apparent.
Thus the wave propagation in a flow moving through a randomly layered sample is described by equation (23) with its solutions in the form of (25) for each layer, by certain join conditions on the boundaries between the layers, as well as by the initial conditions equations (21) and (22). Hence, we deal with the initial value (evolutionary) Cauchy problem. By virtue of the fact that the waves transmit information from left to right only, it is valid to say that a spatial analogue of the causality principle exists, and thus the motion in the x-direction can be considered in much the same way as the time evolution.
The solution of the evolutionary problem equation (23) with random jumps of the function n(x) (with k 0 (x, ω) = k 0 (ω) and continuity properties off andf ) has been considered above as well as in [8, 12] . As a result, wave amplitudes to the right of the sample are found to be exponentially large:
where
The relationships (28) point to the wave instability in a flow moving through a randomly layered medium. Wave amplitudes, satisfying condition (20), exhibit an exponential increase on the multilayer scale
with the effective increment [8, 12] 
Here L = x/N is the average thickness of the layer. The formulae for the instability increment of the waves in a flow and for decaying decrement in a passive medium (see equation (19)) coincide as we deal with two different solutions to the same equation. The first solution increases in the incidence direction, while another one grows in the opposite direction.
In a more general case, where k 0 = k 0 (x, ω), the join conditions in terms of the amplitudes A and B (equation (25)) and, hence, the formula for increment equation (30) undergo changes, but the principal result about exponential growth of the wave amplitudes, apparently, remains valid. It will be not hard to formulate the join conditions and to calculate the instability increment in any specific case.
Conclusion
In the paper we have considered the propagation of a wave incident from the left on a randomly layered sample of a passive medium and the propagation of waves in a flow moving through a randomly layered sample. The former problem is the boundary value problem for the equation of an oscillator with random eigenfrequency jumps, whereas the latter one is the initial value (evolutionary) Cauchy problem for the same equation. At the same time, we can solve the former problem as the evolutionary one as well, when moving in the direction opposite to the incidence direction. The corresponding evolutionary problem has been discussed in [8, 12] . The solutions were shown to be approximately exponentially growing on the scale of many layers, and the relevant effective increment was calculated. Thus, taking into account the direction of the solution to the evolutionary problem, we obtain the familiar result about exponential decay (localization) of the wave propagating in a randomly layered medium [10, 11] .
A different situation arises with waves in a flow. If the flow velocity is greater than the absolute value of the group velocity of the waves in the reference system associated with the flow (condition (20)), then, owing to the drift of the oscillations, information is transmitted in the system in the direction of wave incidence only. This system has no backward waves at all. Thus the spatial causality principle is realized, which allows us to solve this problem as an evolutionary one in the incidence direction. As a result, the wave amplitudes in the flow begin to grow exponentially on the scale of many layers. (This problem is identical to the problem on parametric resonance in an oscillator with time-variable frequency [12] .)
The effect specified above is the drift instability of oscillations. It was considered for the first time in papers [3] [4] [5] (see also books [6, 7] ) for electromagnetic waves in flows of charged particles moving through periodically layered structures. In such a solution, the waves are amplified under resonance conditions, which is typical for periodic systems. In [8] the drift instability of oscillations was predicted in a charged particle flow moving via a randomly layered dielectric medium. This case is characterized by the equal amplification of all the waves in a wide range 1 . In this paper, the problem on a drift instability of waves in a random medium has been rigorously formulated and justified for the first time. The general case of waves in a flow has been considered without any specification of the nature of the system. The oscillations are proved to be efficiently amplified if two following conditions are fulfilled. First, the flow velocity should be greater than the wave group velocity in the reference system associated with the flow (condition (20)). Note that this condition always holds for eigen (Langmuir) oscillations in a flow of charged particles as their group velocity equals zero. Second, the wavelength considered should be less than or of the order of the characteristic spread of layers' thicknesses. It is essential in applying the strong-disorder approximation and phase-averaging on the layers' boundaries [8, 10, 11] 2 . The drift instability under discussion can be realized both in the electrodynamics of flows of charged particles (in plasma physics, space physics, or semiconductor physics) and in the usual fluid dynamics in the presence of sufficiently slow waves ensuring the fulfillment of the condition (20). Also, many of the results obtained in the work remain valid (at least qualitatively) for inhomogeneous structures with a rather general form of the inhomogeneity. The layered structure has been considered only as an example of the inhomogeneity in its simplest form.
